C*- ALGEBRAS ASSOCIATED WITH COMPLEX 
DYNAMICAL SYSTEMS 
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Abstract. Iteration of a rational function R gives a complex dy- 
namical system on the Riemann sphere. We introduce a C*-algebra 
Or associated with R as a Cuntz-Pimsner algebra of a Hilbert bi- 
module over the algebra A = C(Jr) of continuous functions on the 
Julia set Jr of R. The algebra Or is a certain analog of the crossed 
product by a boundary action. We show that if the degree of R 
is at least two, then C*-algebra Or is simple and purely infinite. 
For example if R{z) = z 2 — 2, then the Julia set Jr = [—2, 2] and 
the restriction R : Jr — > Jr is topologically conjugate to the tent 
map on [0, 1]. The algebra O z 2_ 2 is isomorphic to the Cuntz alge- 
bra Ooo . We also show that the Lyubich measure associated with 
R gives a unique KMS state on the C*-algebra Or for the gauge 
action at inverse temperature log(degi?) if the Julia set contains 
no critical points. 



I. Introduction 

For a branched covering 7r : M — > M, Deaconu and Muhly [2] in- 
troduced a C*-algebra C* (M, tt) as the C*-algebra of the r-discrete 
groupoid constructed by Renault In particular they consider ra- 
tional functions on the Riemann sphere C and compute the K-groups 
of the C*-algebra. See also the previous work jl] by Deaconu on 
C*-algebras associated with continuous graphs and Anantharaman- 
Delaroche's work pQ on purely infinite C*-algebras for expansive dy- 
namical systems. Although Deaconu and Muhly's work itself is interest- 
ing, we introduce a slightly different C*-algebras Or(C), Or = Or(Jr) 
and Or(Fr) associated with a rational function R on the Riemann 
sphere, the Julia set Jr and the Fatou set Fr of R in this note. 
The C*-algebra Or(C) is defined as a Cuntz-Pimsner algebra of the 
Hilbert bimodule Y = C(graphi?) over B = C(C). The C*-algebra 
Or is defined as a Cuntz-Pimsner algebra of the Hilbert bimodule 
X = C(graphR\ jR ) over A = C{J R ). And the C*-algebra O r (F r ) 
is similarly defined. The difference between Deaconu and Muhly's con- 
struction and ours is the following: They exclude branched points to 
construct their groupoids. We include branched points to construct 
our bimodules. An advantage of theirs is that their C*-algebra is con- 
structed from both a groupoid and a bimodule. An advantage of ours 
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is that our C*-algebra Or is always simple and purely infinite if the 
degree of R is at least two. 

For example, if R(z) = z 2 — 2, then the Julia set Jr = [—2, 2] and 
the restriction R\j R : Jr — > Jr is topologically conjugate to the tent 
map h : [0, 1] — ► [0, 1]. Then their C*-algebra C*([0, 1], h) is not simple 
and K o (C*([0,l],/i)) = Z © Z and Ki(C*([0, 1], h)) = {0}. Our C*- 
algebra O z 2_ 2 is simple and purely infinite and K (O z 2_ 2 ) = Z and 
Ki((9 2 2_ 2 ) = {0}. In fact the algebra O z 2_ 2 is isomorphic to the Cuntz 
algebra O^. 

Even if R is a quadratic polynomial R(z) = z 2 — c, the structure 
of the C*-algebra Or is closely related to the property of R as the 
complex dynamical system. If c is not in the Mandelbrot set A4, then 
C*-algebra Or is isomorphic to the Cuntz algebra 2 . If c is in the 
interior of the main cardioid, then C*-algebra Or is not isomorphic to 
2 . In fact we have K (O R ) = Z and K^Or) = Z. 

We compare our construction with other important constructions by 
C. Delaroche PQ and M. Laca - J. Spielberg ^Hj- They showed that 
a certain boundary action of a Kleinian group on the limit set yields 
a simple nuclear purely infinite C*-algebra as groupoid C*-algebra or 
crossed product. Recall that Sullivan's dictionary says that there is 
a strong analogy between the limit set Ap of a Kleinian group T and 
the Julia set Jr of a rational function R. The algebra Or is generated 
by C(Jr) and {£/; / G C(graph R\ j R )}. We regard the algebra Or 
as a certain analog of the crossed product C(Ap) xi V of C(Ap) by 
a boundary action of a Klein group T. In fact the crossed product is 
generated by C(A-p) and {X g : g G T}. Moreover commutation relations 
a(a)Sf = Sjd for a G C(Jr) and a 9 (a)A 9 = A 5 a for a G C(A r ) are 
similar, where a(a)(x) = a(R(x)) and a g (a)(x) = a(g _1 x). 

Applying a result by Fowler, Muhly and Raeburn [TT] . the quotient 
algebra Or(C)/1(I) by the ideal X(J) corresponding to the Fatou set 
is canonically isomorphic to Or = Or(Jr). 

Several people |2I|, [2Ej, [12] considered conditions for simplicity 
of Cuntz-Pimsner algebras. We directly show that C*-algebra Or is 
simple purely infinite through analyzing branched coverings. A crite- 
rion by Schweizer [2E] can be applied to show the only simplicity of 
C*-algebra Or. C*-algebra Or is separable and nuclear, and belongs 
to the UCT class. Thus if degi? > 2, then the isomorphisms class of 
Or is completely determined by the .fT-theory together with the class 
of the unit by the classification theorem by Kirchberg-Phillips ^7j, [2*2"] . 
If there exist no critical points in Jr, then simplicity of Or is also given 
by the simplicity of a certain crossed product by an endomorhism with 
a transfer operator in Exel-Vershik [Hj, [Hj- Katsura ^B] studies his 
new construction which contains Or if there exist no critical points in 
Jr. A difficulty of our analysis stems from the fact that the Julia set 
Jr contains the critical points (i.e. the branched points. ) 
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Many examples of Cuntz-Pimsner algebras arise from Hilbert bimod- 
ules which are finitely generated and projective as right module and the 
image of the left action is contained in the compacts. Another extremal 
case is studied by A. Kumjian in [T%j . where the image of the left ac- 
tion has trivial intersection with the compacts. Our case is a third one 
and the intersection of the image of the left action and the compacts 
is exactly represented by the branched points, i.e., critical points of R. 
Hence our study is focused on the behaviour of the branched points 
under iteration. 

We also showed that the Lyubich measure associated with R gives a 
unique KMS state on the C*-algebra Or for the gauge action at inverse 
temperature log deg i? if the Julia set contains no critical points. But 
the problem of KMS state is subtle and difficult, if the Julia set contains 
critical points. We will discuss the case elsewhere. 

We should note that B. Brenken also announced a study of Cuntz- 
Pimsner algebras associated with branched coverings in a satellite con- 
ference at Chenge, China in 2002, when we announced a content of the 
paper in the same conference. 



2. Rational functions and Hilbert bimodules 

We recall some facts on iteration of rational functions. Let R be a 
rational function of the form R(z) = with relative prime poly- 
nomials P and Q. The degree of R is denoted by d = degR : = 
maxjdeg P, deg Q}. If deg R = 1 and the Julia set is not empty, then it 
is, in fact, one point. Therefore the classical Toeplitz algebra appears 
and the C*-algebra Or becomes C(T). Hence we need to assume that 
deg-R > 2 to consider non-trivial ones. We regard a rational function 
R as a (i-fold branched covering map R : C — > C on the Riemann 
sphere C = CU {oo}. The sequence (R n ) n of iterations of R gives a 
complex analytic dynamical system on C. The Fatou set Fr of R is 
the maximal open subset of C on which (R n ) n is equicontinuous (or 
a normal family), and the Julia set Jr of R is the complement of the 
Fatou set in C. 

We always assume that a rational function R is not a constant func- 
tion. Recall that a critical point of R is a point Zq at which R is not 
locally one to one. It is a zero of R' or a pole of R of order two or higher. 
The image u>o = R{zq) is called a critical value of R. Using appropriate 
local charts, if R{z) = wo + c(z — zo) n + (higher terms) with n > 1 and 
c^Oon some neighborhood of zq, then the integer n = e(zo) = cr(zo) 
is called the branch index of R at zq. Thus e(zo) > 2 if zq is a critical 
point and e(zo) = 1 otherwise. Therefore R is an e(zo) : 1 map in 
a punctured neighborhood of z . By the Riemann- Hurwitz formula, 
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there exist 2d — 2 critical points counted with multiplicity, that is, 

zee 

Furthermore for each id G C, we have 

^2 e(z)=degR. 

Let C be the set of critical points of R and R(C) be the set of the 
critical values of R. We put B = R~ 1 (R(C)). Then the restriction 
R : C \ B — > C \ -R(C) is a d : 1 regular covering, where d = deg R. 
This means that any point y G C \ -R(C) has an open neighborhood 
V such that i2 _1 (V) has d connected components Ui, . . . , and the 
restriction R\u k '■ Uk — > V is a homeomorphism for k — 1, . . . , d. Thus 
R has d analytic local cross sections Sk = (i2|[/ fc ) _1 . 

We recall Cuntz-Pimsner algebras Let /I be a C*-algebra and 
X be a Hilbert right A-module. We denote by L(X) be the algebra 
of the adjointable bounded operators on X. For £, 77 G X, the "rank 
one" operator 9^ v is defined by 9^(0 — £(v\0 f° r C £ X. The closure 
of the linear span of rank one operators is denoted by K(X). We call 
that X is a Hilbert bimodule over A if X is a Hilbert right A- module 
with a homomorphism : A — > L(X). We assume that X is full and 
is inject ive. 

Let F(X) = (B™ =0 X® n be the Fock module of X with a convention 
X 00 = A. For £ G X, the creation operator T% G L(F(X)) is defined 
by 

r e (a) = £a and T^fr <g> • • • <g> £„) = £ ® & ® • • • <g> £ n . 
We define i F{x) : A -> L(F(X)) by 

«>(x)(a)(&) = and £f(x)(o)(£i ® • - • ® 61) = ® - • • ® £ n 

for a, 6 G A. The Cuntz-Toeplitz algebra Tx is the C*-algebra on 
F(X) generated by Zf(x)(o) with a G A and with £ G X. Let 
]k '■ K(X) — >■ T x be the homomorphism defined by jx^r?) = 
We consider the ideal fx := 4 ) ~ 1 (K(X)) of A. Let J7x be the ideal of 
Tx generated by ~ (jx 4>)(a);a G fx}- Then the Cuntz- 

Pimsner algebra Ox is the the quotient Tx/Jx ■ Let n : Tx — > Ox 
be the quotient map. Put = 7r(T^) and i(a) = 7r(iF(x)(a)). Let 
: X(X) — > Ox be the homomorphism defined by Zr: = S^S 1 *. 
Then tt((Jk ^)( a )) — (*x 0)( a ) f° r a G Tx- We note that the Cuntz- 
Pimsner algebra Ox is the universal C*-algebra generated by z(a) with 
a E A and 5^ with £ G X satisfying that i(a)S^ = SV(a)£> S^i(a) = S^ a , 
S^S V = i((C\v)A) for a G A, £, 77 G X and i(a) = [%k 0( P)( a ) for a G lx- 
We usually identify i(a) with a in A. We denote by O^ 9 the *-algebra 
generated algebraically by A and S% with £ G X. There exists an 
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action 7 : R — > Aut Ox with 7t(S|) = e lt S^, which is called the gauge 
action. Since we assume that : A — > is isometric, there is 

an embedding n : L(X®") -> L(X 0n+1 ) with 0„(T) = T ® id x for 
T G L(X 0ri ) with the convention <p = <p : A -> L(X). We denote by 
J-'x the C*-algebra generated by all K(X® n ), n > in the inductive 
limit algebra lim L(X® n ) . Let T n be the C*-subalgebra of T x generated 
by K(X m ), ~k*= 0, 1, . . . ,n, with the convention JF = A = ATpf® ). 
Then Tx = lim JF„. 

Let graph R = {(x, y) G C 2 ;y = R(x)} be the graph of a rational 
function R. Consider a C*-algebra B = C(C). Let F = C(graphi?). 
Then F is a 5-5 bimodule by 

(a ■ f ■ b)(x, y) = a(x)f(x, y)b(y) 

for a,b G B and / G F. We introduce a -B-valued inner product ( | ) B 
on F by 

(/b)s(y) = ^ e(x)f(x,y)g(x,y) 

for /, y G F and y G C. We need branch index e(x) in the formula of 
the inner product above. Put ||/|| 2 = ||(/|/)b||oo- 

Lemma 2.1. TTie akwe B-valued inner product is well defined, that 
is, C 9 y I— > (f\g)B(y) & C is continuous. 

Proof. Let d = deg i?. If yo is not a critical value of R, then there are d 
distinct continuous cross sections, say Si, . . . , Sj, of R defined on some 
open neighbourhood V of y such that V contains no critical values of 
R. Then for y G V, 

d 

i=i 

Thus, (f\g)B(y) is continuous at yo. Next consider the case that yo is 
a critical value of R. Let xi, . . . ,x r be the distinct points of R~ 1 (yo) 
Then there exist open neighbourhoods V of yo and Uj of Xj such that 
R : Uj — > V is a e(ij) : 1 branched covering and is expressed as 
f(z) = z e ^ x ^ by local charts for j = l,...,r. Consider S^\z) = 
r Vefe) exp (^_!_ + for z = rex p(i0) and Sj; j) (0) = under 

the local coordinate. Thus there exist cross sections, say of R 

k = 1, . . . , e(xj) for each j — 1, . . . , r defined on U of yo such any 

is continuous at least at yo but not necessarily continuous on V. Then 

for y G V, 
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r e(xj) 

lim(/| 5 ) B (y) = lim ^^T, f(Sj>\y),y)g(Sj>\y),y) 
j=i k=i 

= fE/(5ta9(5?(!/»),!/o) 
j=i fe=i 

r 

= J^e(xj)/(a;j,j/oMa:j,!/o) = (/b)s(yo) 
Thus (f\g)B(y) is continuous at yo- 

□ 

The left multiplication of B on F gives the left action <fi : B — > 
such that (<f)(b)f)(x,y) = b(x)f(x,y) ioi b E B and f EY. 

Proposition 2.2. If R is a rational function, then Y = C(graphi?) 
is a /it/Z Hilbert bimodule over B = C (C) without completion. The left 
action <fi : B — > zs unital and faithful. 

Proof. Let d = degi?. For any f EY = C(graphi?), we have 

ll/lloo < II/II2 = (sup J2 e(x)\f(x,y)\Y 2 <Vd\\f\\oc 

y xeRrHv) 

Therefore two norms || H2 and || ||oo are equivalent. Since C(graphi?) 
is complete with respect to || H^, it is also complete with respect to 

Since (l\l) B (y) = J2 xeR -i (y) e(x)\ = degR, (Y\Y) B contains the 
identity Ir of B. Therefore Y is full. If b E B is not zero, then there 
exists x G C with b(x ) 7^ 0. Choose / EY with f(x ,R(x )) 7^ 0. 
Then 0(6)/ ^ 0. Thus <p is faithful. 

□ 

Since the Julia set Jr is completely invariant, i.e., R(Jr) = Jr = 
.R _1 (Jr), we can consider the restriction R\j R : Jr — > Jr, which will 
be often denoted by the same letter R. Let graph R\j R = {(x,y) G 
Jr x Jr ; y = R(x)} be the graph of the restricton map R\j R . Let 
A = C(Jr) and X = C(graphi?| j R ). Through a restriction of the 
above action, X is an A-A bimodule. 

Corollary 2.3. Let R be a rational function with Jr 7^ <fi, for example, 
degi? > 2. Then X = C(graphi?| j R ) is a full Hilbert bimodule over 
A = C{Jr) without completion, where A-valued inner product ( | ) A on 
X is given by 

(f\g)A(y) = e ( x )f( x >y)g( x >y) 
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for f,g G X and y G Jr. The left action : A — > zs unital and 

faithful. 

Proof. It is an immediate consequence of the fact that R{Jr) = Jr = 

r-\j r ). □ 

Definition. We introduce the C*-algebras O r {C), O r {J r ) and O r (F r ) 
associated with a rational function R. The C*-algebra Or(C) is defined 
as a Cuntz-Pimsner algebra of the Hilbert bimodule Y = C(graphi?) 
over B = C(C). When the Julia set Jr is not empty, for example 
degi? > 2, we introduce the C*-algebra Or(Jr) as a Cuntz-Pimsner 
algebra of the Hilbert bimodule X = C(graphi?| j R ) over A = C(Jr). 
When the Fatou set Fr is not empty, the C*-algebra Or(Fr) is defined 
similarly. Sullivan's dictionary says that there is a strong analogy be- 
tween the limit set of a Kleinian group and the Julia set of a rational 
function. Therefore we simply denote by Or the C*-algebra O r {J r ) 
to emphasize the analogy. 

Proposition 2.4. Let R be a rational function and Y = C(graphi?) be 
a Hilbert bimodule over B = C (C) . Then there exists an isomorphism 

^ . Y ® n _, CferaphiT) 
as a Hilbert bimodule over B such that 

{ip{fl®---®fn)){x,R n {x)) 

= h(x, R(x))f 2 (R(x), R\x)) . . . f n {R n -\x), R n (x)) 

for /!,...,/„ G Y and x G C. Moreover when the Julia set J R is 
not empty, let A = C{Jr) and X = C(graphi?| Jr ). Then we have a 
similar isomorphism 

^rX^^^graph^UJ 

as a Hilbert bimodule over A. Here we use the same symbol (p to save 
the notation. 

Proof. It is easy to see that tp is well-defined and a bimodule homo- 
morphism. We show that <p preserves inner product. The point is to 
use the following chain rule for branch index: 



e R n(x) = e R {x)e R {R{x)) . . . e R {R n ~ l {x)) 
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Consider the case when n = 2 for simplicity of the notation. 



(h ® h\gi ® 92)b(x 2 ) = (f 2 \(fi\gi)Bg 2 )B(x 2 ) 

= ^ e R (x 1 )f 2 (x 1 ,X2)(fi\gi)B(x 1 )g 2 (x 1 ,x 2 ) 

= $Z e R( x i)h(xi,x 2 )( ^2 e R (x )f 1 (x ,x 1 )g 1 (x ,x 1 )g 2 (x 1 ,x 2 )) 

x 1 eR- 1 (x 2 ) x £R- 1 (x 1 ) 

= e R 2 ( x o)fi(xo,R(x ))f 2 (R(x ) : x 2 )g 1 (x ,R(x ))g 2 (R(x ),x 2 ) 

x Q eR~ 2 (x2) 

= e R 2 ( x v)(vUi® f2))(x ,x 2 )(v(g 1 ® g 2 ))(xQ,x 2 ) 

xoeR~ 2 (x2) 

= (<P(fl ® f2)\<P(9l <S>92))(X 2 ) 

Since ip preserves inner product, ip is one to one. The non-trivial one 
is to show that ip is onto. Since the image of <p is a *-subalgebra of 
C(C) and separates the two points, the image of ip is dense in C(C) 
with respect to || by the Stone- Wierstrass Theorem. Since two 
norms || || 2 and || ||oo are equivalent and ip is isometric with respect to 
j || 2 , •p is onto. 

We recall that the Julia set J\ R of R is completely invariant under 
R and the Julia set of R coincides with the Julia set of R n . Therefore 
the proof is valid for A and X also. □ 

The set C of critical points of R is described by the ideal I Y = 
<jr\K{Y)) of B. 

Proposition 2.5. Let R be a rational function and Y = C(graphi?) 
be a Hilbert bimodule over B = C(C). Similarly let A = C{J R ) and 
X = C(graphi?| Jr ). Consider the ideal I Y = of B and the 

ideal Ix = ( P~ 1 {K(X)) of A. Then ly = {b G B;b vanishes on C}. 
and Ix = {a G A; a vanishes on C H Jr}. 

Proof. Let d = deg R, then there exist 2d — 2 critical points counted 
with multiplicity. Therefore C is a finite non-empty set. Firstly, let us 
take b G B with a compact support S = supp(fr) in C \ C. For any 
x G S, since x is not a critical point, there exists an open neighbourhood 
U x of x such that U x D C — (j) and the restriction R\ Ux : U x — > R(U X ) 
is a homeomorphism. Since S is compact, there exists a finite subset 
{xi, . . . , x m } such that 5 C U r ^ 1 U Xi C C\C. Let be a finite family 
in C(C) such that < /j < 1, supp(/j) C C/ Xj for i = 1, . . . ,m and 
XXi /ifo) = 1 for a; G 5. Define G C(graphi?) by ^(x, R(x)) = 
b( x )Vfi(x) and rji(x,R(x)) = \/fi(x). Consider T := £)* =1 e 
if 00- We shall show that T = 0(6). For any ( G C(graph_R), we have 
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(0(6)C)(x,y) = b(x)((x,y) and 



(TO(x,y) = Y / Z i (x,y) ]T e(x') Vi (x', y)((x', y) 

x'eR- 1 (y) 

= J2Hx)VW) E <x')^W)C{x\y). 

i x'€R- 1 (y) 

In the case when b(x) = 0, we have 

(rC)(x,y) = = (^(6)C)(x,y). 

In the case when 6(x) 7^ 0, we have x G supp(6) — S C \J^JJ Xi . 
Hence e(x) = 1 and x G C/ Xj for some i. Put y = R(x). Then for any 
x' G R _1 (y) with x' 7^ x, /j(x') = 0, because x' G Therefore we 
have 

(TC)(x,y) = £ 6(x)£(x)C(x,y) = 6(x)C(x,y) = (0(6)C)(x, y). 
{i;xeu xi } 

Thus 0(6) = T G if 00- Now for a general b £ B which vanishes 
on the critical points C of R, there exists a sequence (b n ) n in I? with 
compact supports supp(6 n ) C C\C such that ||6 — 6 n || 00 —> 0. Hence 
0(6) G if (F), i.e., 6 G I Y . 

Conversely let 6 G B and 6(c) 7^ for some critical point c. We 
may assume that 6(c) = 1. Put m = e(c) > 2. We need to show 
that 0(6) G" K{Y). On the contrary suppose that 0(6) G if 00- Then 
for e = — ^, there exists a finite subset {£i,?7i E X;i = 1,...,N} 

such that ||0(6) — J^Ii %,%ll < £ - Choose a sequence (x n ) n in C \ C 
such that x n — > c. Since x n is not a critical point, there exists an open 
neighbourhood U n of x n such that U X C\C = and the restriction i?|t/ n : 
[/„ — > R(U n ) is a homeomorphism. There exists ( n EY with supp ( n C 
{(x,i?(x));x G £/„}, Cn(aJn,-RW) = 1 and < Cn < 1- Tnen HCnlh < 
v^rf. For any x' G R~ 1 (R(x n )) with x' 7^ x n , ( n (x', R(x n )) = 0, Hence 

TV 

\K x n) ~ ^2&(x n , R(x n ))r)i(x n , R(x n ))\ 
i=i 

TV 

= |6(x n ) - ^ &(x n , i?(x n )) E e(x')r? i (a; / ,i?(a;n))(Cn)(^ / ,i?(^n)) 

TV 

= l(W)-E^)Cn)(x„,i2(x„))| 
i=l 

TV TV 
< IIW)-E^)Cn||2< ||(0(6) -E^^IHICnlb^^. 



Taking n — > oo, we have 

N 

\Kc) -Y,Uc,R(c)H(c,R(c))\ < eVd. 

i=l 

On the other hand, consider ( G F satisfying £(c, -R(c)) = 1, < ( < 1 
and ((x', R(x')) = for x' G i2 _1 (i2(c)) with x' ^ c Then 

W) -YsUc,R{cMc) ni {c,R{c))\ 

i=l 

N 

= \b(c)-J2Uc,R(c)) e(x') Vl (x',R(x'))ax',R(x'))\ 

i=i x'eR-H-RCc)) 

N 

< \mb)-J2 e ^)(h<eVd. 

1=1 

Since e(c) > 2 and 6(c) = 1, we have 

1 < \b(c) - -^rb(c) I < eVd + -^-eVd < 2eVd = % 

2 e(c) e(c) 5 

This is a contradiction. Therefore <p(b) ^ ^ (F) □ 

Corollary 2.6. # C = dim(B/I Y ) and #(C n J fl ) = dim(A/7 x ). 

Corollary 2.7. T/ie Jn/ia se£ contains no critical points if and only 
if 4>{A) is contained in K(X) if and only if X is finitely generated 
projective right A module. 

3. Simplicity and pure infinteness 

Let R be a rational function with the Julia set Jr ^ <fi. Let A = 
C(J R ) and X = C(graph_R| Jr ). Define an endomorphism a : A — > A 
by 

(a(a))(x) = a(R(x)) 
for a G A, x G Jr. We also define a unital completely positive map 
E R :A^Aby 

(E R (a))(y) := — l — ^ e(x)a(x) 
for a G A, y G Jr. In fact, for a constant function £ G X with 

6><»,»>, 1 



we have 

E R {a) = (e o |0(a)eo)Aand E R {I) = (^ ) A = I. 
We introduce an operator D := S^ G Or. 

Lemma 3.1. In the above situation, for a, b G A, we have the following : 
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(1) Eji(a(a)b) = aE(b) and in particular En(a(a)) = a 

(2) D*D = I. 

(3) a(a)D = Da. 

(4) D*aD = E R {a). 

(5) </>(A)£ =X. 

Proof. (1): By the definition of Er, we have 

E R (a(a)b)(y) = —L- V e(x)a(i2(x))6(x) = a(y)E(b)(y). 
dee it *— ' 

(2) : = S* £ ft = (£o|£o)a = I- 

(3) : We have a(a)D = SM a / a ^ and Da = S^ oa . Since 

(<j)(a(a))€o)(x,R(x)) = (a(a))(x)£ Q (x, R(x)) = a(R(x)) = (£ a)(x, R(x)), 
we have a(a)D = Da. 

(4) : D*aD = S^aS^ = (M(a)^) A = E R {a). 

(5) For any / G X, define / 6 i by /(sc) = y/deg Rf(x,R(x)). Then 
0(7)^0 = /■ Thus <P(A)£ = X. 

□ 

R. Exel introduced an interesting construction of a crossed product 
by an endomorhism with a transfer operator in [Hj. 

Proposition 3.2. C* -algebra Or is isomorphic to a Exel's crossed 
product by an endomorhism with a transfer operator Er. 

Proof. By the universality, the Toeplitz algebras are isomorphic. Since 
(f>(A)S^ = {S x ;x G X} can be identified with X by (5), (a, k) is 
a redundancy if and only if k = 0(a). Therefore C*-algebra O r is 
isomorphic to his algebra. □ 

Remark. If there exist no critical points in Jr, then the simplicity of 
Or is a consequence of the simplicity of his algebra, which is proved 
in Exel-Vershik [9J. But we need a further argument because of the 
existence of critical points in Jr. 

Lemma 3.3. In the same situation, for a G A and fi,...,f n &X, we 
have the following: 

a n (a)S h ...S fn = S h . ..S fn a. 

Proof. It is enough to show that a(a)Sf = Sja for / G X. We have 
a(a)Sf = Sftafa^f and Sja = Sf a . Since 



{<t>{a(a))f){x,R{x)) = (a{a)){x)f(x,R(x)) 
= a(R(x))f(x,R(x)) = (fa)(x,R(x)), 
n 



we have a(a)Sf = Sfa. 



□ 



Lemma 3.4. Let R be a rational function with degR > 2. For any 
non-zero positive element a G A and for any e > there exist n G N 
and f G X® n with (f\f) A = I such that 

\\ a \\ — £ < SjaSf < \\a\\ 



Proof. Let x be a point in J# with |a(x )| = ||o||. For any e > there 
exist an open neighbourhood U of Xq in such that for any x G Z7 
we have ||a|| — e < a(x) < \\a\\. Choose anothter open neighbourhood 
V of Xq in J R and a compact subset K C Jr satisfying V C K C £7. 
Since degi? > 2, there exists n G N such that i? n (V) = J# by Beardon 
|2j Theorem 4.2.5. We identify X® n with C (graph i? n |j fl ) as in Lemma 
[SHU Define closed subsets Fi and F 2 of Jr x J fi by 



9 fay) 



F 1 = {(x, y)eJ R x J R \y = R n (x), xeK} 
F 2 = {{x, y)eJ R x J R \y = R n {x), x G U c } 

Since F\ fl F 2 = 4>, there exists g G C(graphi? n | j R ) such that < 
9 fa) < 1 and 

" 1, (x,y) G Fi 

0, fay)eF 2 

Since i? n (V) = Jr, for any y G Jr there exists X\ (z V such that 
R n (xi) = y, so that (x\,y) G F. Therefore 

(0|#)a(2/) = Yl e R"( x )\9(x,y)\ 2 

> e R n(x 1 )\g(x 1 ,y)\ 2 > 1 

Let b := (g\g) A . Then 6(y) = (g\g) A (y) > 1- Thus 6 G A is positive 
and invertible. We put / := gb~ 1/2 G X® n . Then 

WU = (9b- 1/2 \gb^) A = b-^(g\g) A b-V* = L 

For any y G Jr and x G (-R n ) _1 (?/), if x G £7, then ||a|| — £ < a(x), 
and if x G £7 C , then f(x,y) = g(x,y)b~ 1 ^ 2 (y) = 0. Therefore 

||o||-e=(||a||-e)(/|/) i4 (y) 

= (ll a ll-^) Yl e R n fa\ffav)\ 2 
< Y e R n ( x ) a ( x )\f( x >y)\ 2 

= (f\af) A (y) = S}aS f (y). 
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We also have that 

S}aS f = (f\af) A <\\a\\(f\f) A =\\a\\. 

□ 

Lemma 3.5. Let R be a rational function with degR > 2. For any 
non-zero positive element a G A and for any e > with < e < \\a\\, 
there exist n G N and u G X® n such that 

1Mb < (|H| — e)^ 1 ^ 2 and S*aS u = I 

Proof. For any a G A and e > as above, we choose / G (X)® n as in 
Lemma IT41 Put c = SjaSf. Since < ||a|| — e < c < ||a||, c is positive 
and invertible. Let u := fc^ 1 ^ 2 . Then 

S* u aS u = (u\au) A = (fc^afc^A = c~^ 2 {f\af) AC -^ 2 = I. 

Since ||a|| — e < c, we have c -1 / 2 < (||a|| — £)~ 1//2 . Hence 

ll«l| 2 =ll/c- 1 / 2 || 2 <||c- 1 / 2 || 2 <(||a||-5)- 1 / 2 . 

□ 

Lemma 3.6. Let R be a rational function with degR > 2. For any 
in G N, any n G N, any T G L(X® n ) and any e > 0, there exists a 
positive element a G A such that 

U(a n (a))T\\ 2 >\\T\\ 2 -e 

and aa k (a) = for k = 1, ■ ■ ■ , m. 

Proof. For any m G N, let V m = {x G Jr \R k (x) = x, for some k = 
1, . . . , m}. Since R is a rational function, V m is a finite set. 

For any n G N, any T G /.(X®™) and any e > 0, there exists / G X 0n 
such that ||/|| 2 = 1 and ||T|| 2 > ||T/|| 2 > ||T|| 2 - e. We still identify 
X® n with C(graphi? n | j R ). Then there exists yo G Jr such that 

\\Tf\\l = £ e^(x)|(T/)(x,y )| 2 > im| 2 -e. 

Since u i— »■ (T f\T f) A (y) is continuous and 

||T/|| 2 =sup £ e^(x)|(T/)(x,2/)| 2 , 
w6J *ze(fl»)-i(iO 

there exists an open neighbourhood Z7j, of y Q such that for any y G U yo 
£ ^(^)i(r/)(x,y)| 2 >||T|| 2 - £ . 

a;6(K n ) _1 (y) 

Since i? is a rational function with degi? > 2, the Julia set Jr is a 
perfect set and uncountable by Beardon [2j Theorem 4.2.4. Therefore 
UyoXPm 7^ <P- Choose y x G U yo \V m . Since -R fc (yi) ^ 2/1 (fc = 1, . . . , m), 
yi ^ (R k )~ 1 (yi). For k = l,...,m, choose an open neighbourhood 
W k of y x such that C U yo and (-R*) -1 (W fe ) n = <p. Put VP = 

13 



n^Wfe. Choose a e A = C(J R ) such that a(yi) — 1, < a < 1 and 
supp dCf. Since ( J R fc )~ 1 (W r ) n W = <f), 

supp(ct fc (a)) fl supp(a) = (f) (k — 1, . . . , m). 

It implies that a fc (a)a = (& = 1, . . . , m). 
Since y x G f/ yo , 

||0(a"(a))r/I|5 = sup £ e^(x)|(a( J R"(x))(T/)(a;, 2/ )| 2 
w6JjI a!e(fl»)-i(w) 

> e R n(x)\a{ yi )(Tf){x, yi )\ 2 
xe(R n )- 1 (yi) 

= Yl e Rn (x)\(Tf)(x, yi )\ 2 

> \\T\\ 2 -e. 

Therefore we have \\<p(a n (a))T\\ 2 > \\T\\ 2 - e. 

□ 

Let T n be the C*-subalgebra of Tx generated by K[X® k \ k = 
0,1, ... ,n and B n be the C*-subalgebra of Ox generated by 

n 

UiS^.-.S^S^.-.S^ :xi,...x k ,y 1 ,...y k G X} U A. 

k=l 

In the following Lemma f3. 71 we shall use an isomorphism ip : T n —* B n 
as in Pimsner [2H] and Fowler- Muhly-Raeburn jTTj such that 

f\^xx®-9>x k ,yx®-®yk) = S X1 . . . S Xk S* k . . . S*^ 

To simplify notation, we put S x = S Xl . . . S Xk for x — Xi<S>- ■ -®Xk G X® k 

Lemma 3.7. Let R be a rational function with degi? > 2. Let b = c*c 

for some c G O ^ 9 . We decompose b = Y2j bj with jt(bj) = e l ^bj. For 
any e > there exists P G A with < P < I satisfying the following: 

(1) Pb 3 P = (jV 0) 

(2) ||P6oP|| > ||6o||-e 

Proof. For x G X® n , we define length(x) = n with the convention 
length(a) = for a G A. We write c as a finite sum c = a + J2i ^^S*.. 
Put m = 2 max{length(xj), length^); i}. 

For j > 0, each 6j is a finite sum of terms in the form such that 
S x S* y xel #+j) , yeX m 0<k+j<m 

In the case when j < 0, is a finite sum of terms in the form such 
that 

S x S* y x G X m , y G X® (fc+|j|) < jfe + \j\ < m 
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We shall identify b with an element in A m / 2 C A m C L(X 0m ). 
Apply Lemma 13.61 for m = n and T = (6 ) 1/ ' 2 - Then there exists a 
positive element a e A such ||0(a m (a))T|| 2 > ||T|| 2 — e and aa J '(a) = 
for j = 1, • • • , m. Define a positive operator P = a m (a) G A. Then 

\\Pb P\\ = \\Pbl / Y>\\$ 2 \\ 2 -e=\\ba\\-e 
For j > 0, we have 

PS^P = a m {a)S x S* y a m {a) = S x a m - {k+3 \a)a m - k {a)S* y 
= S x a m - {k+] \aa ] {a))S* y = 



For j < 0, we also have that PS X S*P = 0. Hence PbjP = for j ^ 0. 

□ 

Theorem 3.8. Let R be a rational function with degP > 2. Then the 
C* -algebra Or associated with R is simple and purely infinite. 

Proof. Let w G Or be any non-zero positive element. We shall show 
that there exist Zi, z 2 G Or such that z*wz2 = I. We may assume that 
1 1 w || = 1. Let P : Or — > CJjj. be the canonical conditional expectation 
onto the fixed point algebra by the gauge action 7. Since E is faithful, 
P(w) 7^ 0. Choose e such that 

< e < B^ll anc i £ ||P(» - Sell -1 < 1. 
4 

There exists an element c G such that \\w — c*c\\ < e and 

||c|| < 1. Let b = c*c. Then b is decomposed as a finite sum b = Y2j bj 
with 7^) = e ij %. Since ||6|| < 1, ||6 || = ||P(6)|| < 1. By Lemma E3 
there exists P G A with < P < I satisfying PbjP = ( j ^ 0) 
and ||P&oP|| > H&oll — £• Then we have 

||P6 P||>||6o||-e=|| J E?(6)||-e 

> \\E(w)\\ - \\E(w) -E(b)\\ - e> \\E(w)\\ - 2s 

For T := Pb P G L(X 0m ), there exists / G X 0m with ||/|| = 1 such 
that 

\\T 1/2 f\\l=\\(f\Tf) A \\>\\T\\-e 

Hence we have W^^fg > \\E(w)\\ - 3e. Define a = S}TS f = 
(f\Tf) A G A. Then ||a|| > \\E(w)\\ - 3e > e. By Lemma El there 
exists 11GN and u G X^™ sucn that 

IMI2 < (||a|| — e)^ 1 ^ 2 and S^aS u = I 

Then ||ix|| < (||P(w)|| — 3e:) _1 / 2 . Moreover we have 
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\\S* f PwPS f - a|| = \\S}PwPS f - S}TS f \\ 

= \\S}PwPS f - S}Pb PS f \\ 
= \\SfPwPS f - S}PbPS f \\ 

< ||S>|| 2 ||P|| 2 ||u;-&|| <e 

Therefore 

\\S*S}PwPS f S u -I\\ = \\S*S* f PwPS f S u - S*aS u \\ 

< \\u\\ 2 \\S f PwPS f -a\\ 

< \\u\\ 2 s < e\\E(w) - 36W- 1 < 1. 

Hence S*SjPwPSfS u is invertible. Thus there exists v £ Ox with 
S* u S* f PwPS f S u v = I. Put z x = SIS}P and z 2 = PS f S u v. Then 
ziwz 2 = I. 

□ 

Remark. J. Schweizer showed a nice criterion of the simplicity of 
Cuntz-Pimsner algebras in [26 : If a Hilbert bimodule X is minimal 
and non-periodic, then Ox is simple. Any X-invariant ideal J of A 
corresponds to a closed subset K of Jr with _R _1 (i^) C K. If deg R > 2, 
then for any z £ Jr the backward orbit of z is dense in Jr by [2j 
Theorem 4.2.7. Therefore any X-invariant ideal J of A is A or 0, that is, 
X is minimal. Since A is commutative and L{Xa) is non-commutative, 
X is non-periodic. Thus Schweizer's theorem also implies that Or is 
simple. Our theorem gives simplicity and pure infmiteness with a direct 
proof. 

Proposition 3.9. Let R be a rational function with degR > 2. Then 
the C* -algebra Or associated with R is separable and nuclear, and sat- 
isfies the Universal Coefficient Theorem. 

Proof. Since Jx and T x are KK-equivalent to abelian C*-algebras Ix 
and A, the quotient Ox — Px/ Jx satisfies the UCT. Ox is also shown 
to be nuclear as in an argument of [Zj. □ 

Remark. If degi? > 2, then the isomorphisms class of Or is com- 
pletely determined by the i^-theory together with the class of the unit 
by the classification theorem by Kirchberg-Phillips ^Zj, [2*2"] . 

4. EXAMPLES 

If rational functions R\ and R2 are topologically conjugate, then 
their C*-algebras Or 1 and Or 2 are isomorphic. Therefore the K-groups 
K^OrA and Xj(C^ 2 ) are isomorphic. Similarly K^Or^C)) and 
ifj(0R 2 (C)) are isomorphic. Moreover if rational functions R± and R2 
are topologically conjugate, then the gauge actions are also conjugate. 
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Therefore the K-groups of the fixed point algebras are also topologi- 
cally conjugate invariant. We investigate what kind of information of 
complex dynamical systems is described by the K-theory. 

We calculate the K-groups by the following six-term exact sequence 
due to Pimsner 1.2c 



K (Ix) MA) K (O R ) 



Si 



So 



K^On) — Kx(A) «— — K^Ix) 

«* id— [X] 

Example 4.1. Let P(z) = z n for n > 2. Then the Julia set Jp is 
the unit circle S 1 . The map : A — > L(X) can be identified with the 
n-times around embedding. Hence we have K Q (Op) = Z © Z/(n — 1)Z 
and Ki{Op) = Z. The fixed point algebra O p by the gauge action 7 
is a Bunce-Deddence algebra of type n°°. 

Example 4.2. Let P(z) = z 2 — 2. Then the Julia set Jp is the 
interval [—2, 2] and it contains a critical point 0. Since Ix = {a € 
C([-2,2]);a(0) = 0}, K (/x) = K X {I X ) = 0. Applying the above 
six term exact sequence with K (A) = Z and Ki(A) = 0, we have 
Kq(Op) = Z and i^i(Op) = 0. Since the identity / of Op represents 
the generator of K (Op) = Z, the algebra Op is isomorphic to the 
Cuntz algebra O^. (Jp,P) is topologically conjugate to a tent map 
{[0,1], h) defined by 

< x < i 



h(x) 




\ < x < 1. 



Then | is the only branched point of h. Deaconu and Muhly [3] as- 
sociate a C*-algebra C*([0, l],h) to the branched covering map h : 
[0,1] — > [0,1]. They exclude the branched point to construct their 
groupoid and the groupoid C*-algebra C*([0, 1], h) is not simple. More- 
over K (C*([0, 1], h)) = Z 2 and i^i(C*([0, 1], h)) = 0. Our C*-algebra 
Op is simple and purely infinite and is not isomorphic to their C*- 
algebra C*([0, 1], h). The K-groups are different. 

Example 4.3. (quadratic polynomial) Let P c (z) = z 2 + c. If c is not 
in the Mandelbrot set M := {c e C; P™(0) is bounded }, then Pc is 
isomorphic to the Cuntz algebra O2. In fact (Jp c ,P c ) is topologically 
conjugate to the full two shift. 

If c is in the interior of the main cardioid C = {§ — \ G C; p| < 1}, 
then the Julia set is homeomorphic to the unit circle S 1 (see, for exam- 
ple. [10], page 211-212). and P c is topologically conjugate to h(z) = z 2 
on S 1 . Hence We have K {O P ) = Z and K x {O p ) = Z. 

Example 4.4. Let R be a rational function of degree d > 2. Let zq 
be a (super) attracting fixed point of R. If all of the critical points of 

17 



R lie in the immediate attracting basin of z , then Or is isomorphic to 
the Cuntz algebra In fact ( Jr, R) is topologically conjugate to the 
full d-shift by [2] Theorem 9.8.1. See section 4 in For example, If 
R(z) = then R = 2 . 

Example 4.5. Tchebychev polynomials T n are defined by cosnz = 
T n (cosz). For example, T\(z) = z, T 2 {z) = 2z 2 — 1. Then the Julia 
set Jt„ is the interval [—1,1] and Jt„ contains n — 1 critical points for 
n > 2. Since K (A) = Z, K X (A) = 0, K (I X ) = and K X (I X ) = Z n " 2 , 
we have K {O Tn ) = Z™" 1 and K^OtJ = 0. Recall that, if the Julia set 
of a polynomial P of degree n > 2 is the interval [—1, 1], then P = T n 
oiP = -T n (0, page 11). 

Example 4.6. We consider a rational function R by Lattes such that 
the Julia set is the entire Riemann sphere. Let R(z) = fe^rrij • Then 

Jr = C contains six critical points and K (Ix) = Z and i^i(Jx) = Z 5 . 
Therefore we have the exact sequence: 

Z ^ Z 2 K (O R ) 



Si 

K x (O r ) ^— «- Z 



5o 
5 



id-[X] 

Deaconu and Muhly [Sj already obtained the similar diagram for 
their C*-algebra C*(C,R): 

Z Z 2 K (C*(C,R)) 



Si 



So 



Kl (C*(C,R)) ^— <— - Z 8 

«* i<i-[X] 

Since they exclude branched points, the rank of Ko-gronps of them are 
different with ours and their C*-algebra is also different with ours. 

Example 4.7. Ushiki [27] discovered a rational function whose Ju- 
lia set is homeomorphic to the Sierpinski gasket. See also |15j . For 

z 3_ 16 

example, let R(z) = — j^-. Then Jr is homeomorphic to the Sier- 
pinski gasket K and Jr contains three critical points. Recall that the 
usual Sierpinski gasket K is constructed by three contractions 7i, 72, 73 
on the regular triangle T in M 2 with three vertices P = (1/2, y/3/2), 
Q = (0,0) and R = (1,0) such that 71 (x,y) = (f + J, § + 
72(2, y) = (§, |), 73(2,3/) = (f + 5, §)• Then a self-similar set C T 
satisfying = 7x (K) U 72 (-ft') U 73 (K) is called a Sierpinski gasket. 
But these three contractions are not inverse branches of a map, be- 
cause 7i(Q) = 72 (P)- Therefore we need to modify the construction of 
contractions. Put 71 = 71, 72 = a__ 2^072, and 73 = 02^073, where ag is 
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a rotation by the angle 6. Then 71, 72, 73 are inverse branches of a map 
h : K — > K, which is conjugate to R : Jr — > Jr. Two correspondences 
C = Ui{(ji(z), z); z E K} and C = ^{(^(z), z); z E K} generate 
Hilbert bimodule Z and Z over C(K). Then C*-algebra = O z and 
Kq{Or) contains a torsion free element. But C*-algebra Oz is isomor- 
phic to the Cuntz algebra 3 . Therefore C*-algebra Oz and Or are 
not isomorphic. See [Hj. 

5. Fatou set and the corresponding ideal 

Recall that the Fatou set Fr of a rational functon R is the maximal 
open subset of the Riemann sphere C on which (R n ) n is equicontinuous, 
and the Julia set Jr of R is the complement of the Fatou set in C. We 
consider the corresponding decomposition for the C*-algebra Or(C), 
which was first pointed out by Deaconu and Muhly [3] in the case of 
their construction. Let B = C(C) and consider the ideal I = {b G 
B;b\J R = 0} of B, so / S C (F R ) and B/I = C(J R ). We consider a 
submodule and quotient module of a Hilbert bimodule Y = C(graph R) 
over B. The right Hilbert /-module YI := {fb G Y; f G Y, b <E 1} 
is also described as Yj := {/ G Y\ {j\g)n G / for all g G F}. Since 
G / means that 

(/l/)fl(y)= E e(a;)|/(x,y)| 2 = 

for all y E Jr, we have 

K/ = {/ G Y;f{x,y) = for all G graph i2| Jfl }. 

because Jij is complete invariant. 

Invariant ideals for bimodules are introduced in ^2] by Pinzari and 
ours and developed by Fowler, Muhly and Raeburn [TT] in general case. 
In our situation J is a V-invariant ideal of B, i.e., 4>(I)Y C YI. In fact, 
the condition is equivalent to that (f\(j)(a)g)B C / for any a E I and 
f,g E Y, and it is easily checked as 

{f\(t>{a)g) B {y) = e(x)f(x,y)a(x)g(x,y) = 

for y G Jfl, because x E R~ 1 (Jr) = Jr and so a(x) = for a E I. 

Therefore Y/YI is naturally a Hilbert bimodule over B/I = C(Jr). 
We can identify Y/YI with a bimodule X = C(graphi?| j H ) over A = 

Theorem 5.1. Lei R be a rational function, B = C(C), A = C(Jr) 
and I = {b E B;b\jR = 0}. Then the ideal T(I) generated by I 
in Or(C) is Morita equivalent to Or(Fr) and the quotient algebra 
Or(C)/X(I) is canonically isomorphic to Or = Or(Jr). 

19 



Proof. We apply a result by Fowler, Muhly and Raeburn jTTj Corollary 
3.3. But we have to be careful, because 4>(B) is not included in K(Y). 
The only thing we know is that the quotient algebra Or(C)/X(I) is 
canonically isomorphic to the relative Cuntz-Pimsner algebra (9(g / (/y), Y/YI). 
Here q 1 : B — > B/I = A is the canonical quotient map. By Proposition 
12. 5| Iy — {b G B; b vanishes on C}. and Ix = {a <E A; a vanishes on Cfl 
Jr}. Hence we can identify q I (Iy) with Ix- Since we also identify a bi- 
module Y/YI over B/I with a bimodule X = C (graph i?| j R ) over A = 
C(J R ), we have that 0{q I {Iy), Y/YI) is isomorphic to O r (J r ). □ 

6. Lyubich measure and KMS state 

Lyubich j20j constructed an invariant measure \x for a rational func- 
tion R, called a Lyubich measure, whose support is the Julia set. It 
derives a lower bound for the Hausdorff dimension of the Julia set. 
Lyubich showed that fi is a unique measure of maximal entropy and 
the entropy value h^R) is equal to the topological entropy h(R) of R, 
which is log(deg-R). We show that the Lyubich measure gives a unique 
KMS state on the C*-algebra Or for the gauge action at inverse tem- 
perature log(deg-R) if the Julia set contains no critical points. 

Let d = degR and 8 X be the Dirac measure for x on the Riemann 
sphere. For any y G C and each n G N, we define a probability measure 

Mn b y 

^ = Yl d- n e(x)5 x . 

{xeC;R n (x)=y} 

Lyubich showed that the sequence (/i^)„ converges weakly to a measure 
/i. The Lyubich measure \i is independent of the choice of y, the support 
of n is the Julia set Jr and fi(E) = /i(_R _1 (_E)) for any Borel set E. 
Hence J a(R(x))d/i(x) = f a(x)dfi(x). 

Theorem 6.1. Let R be a rational function with degR > 2. Consider 
the C* -algebra Or associated with R and the gauge action 7 : R — > 
Aut Or such that jt(Sf) — elt Sf for f G X. Suppose that the Julia set 
contains no critical points, (in particular, suppose that R is hyperbolic) . 
Then {Or, 7) has a KMS state at the inverse temperature (3 if and only 
if (3 = log(deg R) and the corresponding KMS state tp is also unique. 
Moreover the restriction of the state (p to A — C(J R ) is given by the 
Lyubich measure \i such that (f(a) = J ad fx for a G A. 

Proof. Since the Julia set contains no critical points, A-module X has 
a finite right basis {ui, . . . ,«„}. Let ip be a state on Or and ip the 
restriction of if to A. As in section 3, ip is a KMS state at the 
inverse temperature (3 if and only if (po satisfies that 

(*) (p (^^(ui\aui) a) = e^Vo( a ) f° r & U a E A. 

i 
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Moreover any state (p on A satisfying (*) extends uniquely to a KMS 
state ip at the inverse temperature (3. In fact, define a state ip n on the 
C*-algebra B n generated by 

{S X1 . . . S Xn S* n . . . S yi ; Xi, . . . x n , j/i, . . .y n G X}, 

by the induction: 

Vn+1 (T) = e~^ n (J2 S *u, TS ^ 

i 

for T G B n . The sequence ((p n ) n gives a state (p^ on the fixed point al- 
gebra 0\. Let E : Or — *> 0\ be the canonical conditional expectation. 
Then the KMS state ip is defined by ip = ip^ o E. 

Define a complete positive map h : A — > A by /i(a) = ^(^l ^)^ 
for a G A Then we have 

K°){y) = Yl a ( x ) 

for ?/ G In fact, since {ui, . . . , w n } is a finite basis for X, ^ Ui(ui\f)A = 
/ for any / G X . Therefore for y = R(x), 

i x'£R- 1 (y) 

This implies that Ui(x, y)ui(x f , y) = 6 x>x r. Hence we have 

^Ui(x,y)ui(x,y) = 1. 

i 

Therefore 

H a )(y) = ^2(ui\aUi) A (y) 

i 

Hence the condition (*) is written as 

(po(h(a)) = e /3 <y?o( a ) f° r ah a E A. 

Putting a = 1, we have that degi? = e 13 , that is, (3 need to be 
log(deg-R). For any a G A, (e~^h) n (a) converges uniformly to a con- 
stant J ad\i by [20] • Thus J e~*h(a)d[i = J adfi. Hence Lyubich mea- 
sure \i gives a KMS state at the inverse temperature logdegi?. Take 
another KMS state r. Then r((e -/3 /i) n (a) = r(a) converges to J ad/x. 
Thus r(a) = J ad/i. It shows that KMS state is unique. 

□ 
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